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MATHEMATICS
(Honours )

- Paper - MAT=HC=C016
{ Theory of Real Functions)
Full Marks : 80
Timev: Three ‘hours

The figures in the margin indicate
full marks for the questions.

1.  Answer _anyl ten parts : 1x10=10

fa) Isevery p’oint'in I alimit pointof INQO ?

. _
x“—x+1
b) Find Iim ——
) i At

(c) Let f(x)=sgn(x). Write the limits

lim f(x) and lir:)l_ )

x—0"

. Contd. ;




(d) Let . ph R | ‘
4 R b i
o s e the polynomial
: pPlrlicm i te, iy g ia,
- ¢ 0
if a, >0, then. im p(x)=?

X—»

(e) Let fbe defined on (0, ) to R
Then the statement .

‘ lim f(x)=L if and only if

X— ©

x{i% f@)=1"is true or false.

! == 2 2 Jdn
. I

Jo= il , T
then U Si
Bm(fi. fy. Li fy)=2

(g) Is the functi ' 1
on f (x)=; continuous

on A={xeR:x>0}7?

h : : |
(h) Write the points of continuity of the

function f(x)=|x|.
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«p rational function is continuous at

)
' every real number for which it is
defined.” Is it true or false ?
Gy “let} g be defined on K and let ceR.
If lim f(x)=b and ¢ is continuous
X—> C

at b, then lim (g- f)x)= g(b).” Write

whether this statement is correct or not.

(k) The functions f (x) = x and g(x)=sinx
are uniformly continuous on R. Is fg

uniformly continuous on R ? Ifnot, give

the reason.

nuous periodic function on R is

on R.
(Fill in the blank)

{0 “ A conti
: rboun_ded and

«The derivative of an odd ftinction is an
r f_alsé. '

(m)

even functiori.” Write true 0

(n) Write the derivative of the function

f(x)=|x]| for x#0

Contd.




(o). . If fis differentiable on [a, b] and g is
a function defined on [a, b] such that
g(x)=kx- f(x) for xe[a, b]. If
f'(a) <k < f'(b), then find g'(c).

- QJ) Suppose f:[0,2]> R is continﬁous
on [0, 2 | and differentiable on (0,2
with f(0)=0, f(2)=1. If there exists

e E('O: 2), thenrf’(c)z

]. b1} .
E. Is it true or
talse ? .

Xt x

(g) Find lm
: P 0 ST D

Gl e o ‘
e function f(x)=8x>-8x2+1 has

two rooj;_s in [-(),‘1].” Write true or false.

Answer any five parts : : -2><5=1O

(a) Use the definition of limit to show that
lim (x® +4x)=12.

x—2

(b) Find lim xsm( IJ (x#0).
X

x— 0
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(c) Give an example of a fu

nction that has
a right-hand limit but not a left- hand

limit at a point.

(d) Define 9:R— R by
gx for xeQ
(X)
x4 3; for ;e QF
Find all points at which gis continuous.

() Show that the ‘sine’ function is

continuous on R.

() Show that the Hinction b s
X

umformly continuous on [a w0, where

a>0-
(g) Using the mean value theorem, show
that
25l in (x)< x-1 for x>1.
X

(h) Show that rlel - x%3 xeR, is not

differentiable A =0
Contd.
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() Let f(x)= hlnlflséz)x)

Find fim f(x).
x—0t
. (i) State Darboux’s theorem.

3. Answer any four parts : 5x4=20

(a) Prové that a number ceR is a cluster
point of a subset A of R if and only if

there exists a sequence (x,) in A such

that iim X, =cand x =c forallp e},
(b) State and prove squeeze theorem.

(c) "Let Ac R, let fand g be functions on A

to R, and let fand g be continuous at a

point cin A . Prove that f-gand fgare

continuous at ¢

(d) Give an example of functions fand g
that are both discontinuous at a point ¢

in R such that f+g and fg are
continuous at c.
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(e)

If f: A>R is a Lipschitz function,
then prove that fis uniformly continuous

on A.

Determine where the function

m e 3
fle)=1 x|+ | x-1] |
from R to R is differentiable and find
the derivative.
1 X
i m | 1+—| .

(g) Find iﬂ[ x)

‘(h) Determine whether or not x=0.is a
point of relative extremum of the
function fle)=x"+2, :

4. Answer any four parts: - - 10x4=40

(d} Let f: A>R and let ¢ be a cluster

point of A. Prove that the following are
equivalent :

() lim flx)=L

X—>C
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(b)

(¢

(i)

(i)

(i)

()

(i)

Given any &-neighbourhood V; (L) of
L, there exists a §-neighbourhood
Vs (c) of ¢ such that if x #c is any L

point V,(¢c)N A, then f(x) belohgs 1

to V(L).

V14 2x —+1+3x

Find lim

: x>0 X+ 2x2_ e
X O =t .-
Prove that lzmO cos( )does nofexist _ A
A
Vbt lzmxcos() 0 B
x— 0 7 i

1
Let f(x)=e* for x #0. Show that

lim  f(x) does not exist in R but

x—)O‘

lim flz)=0." A

x—0"

Let _f:IR%—a]R be such that
f(x+y);f(x)+f(y) for all x, y .
in R. Suppose that }C%_f(x):

exists. Show that 7 =0 and then
prove that f has a limit at every

point cin R. S
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()

(e)
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L oS tate

@ Let fia R IR be a function defined
by ‘ -

£ {

-Show that f is not continuous at

1 if x is rational

0 if x is irrational

any point BER L 5
(). Prove that every pelynomigl

function is continuouson R. =~ 5.
Let Ac iR letf AR andlet|f|

be defined by | f | (x)=| f(x)| for xc A.
Also let f(x)=0 for all xe A and let

Jf be o by (ﬁ)-(x):d f(x) for

x € A. Prove that if fis continuous at a

point ¢ in ‘A, then [f| and J_ are

continuous at c. 5+5= 10

and prové Bolzano’s
intermediate value theorem.
1+4=5

(ii}‘ Let A be a closed bounded interval
andlet f: A - R iscontinuous on

A Prove:thaty f is uniformly
. continuous on A. S5

Contd.




(9) Let AcC R bean interval, let c€ A, and ;

let " f: AR apnd g:A> R be

functions differentiable at c. Prove that

(i) the function f +g is differentiable
at cand

(F+g) @©=fi)egl@ . 5

(i) if g(c)#0, then the function %

is diffel_"'entiable' at c and

[1}5(0) I 9)- ) g'()
g (g(c))’

(h_)- State and prove Rolle’s theorem; Give the

geometrical interpretation of the .
(2+5)+3=10 |

theorem.

Use Taylor’s theorem with n =2 to

approximafe 13/ L, x>l 005

0 6

(i} "If f(x)=e”, show 'that the
remainder term in Taylor’s theorem
converges to zero as n — « for each

fixed x, and x. S
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() Find the limits : ~ 545=10

b dim et
¥ x—0*
] tan x
(i) E secle
xXx—> 2
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