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1. Answer the following questions as directed :
: 5 : 1x10=10
(a) Give an example to show that for two
non-zero elements a and b of a ring R,
the equation ax= b can have more than

one solution. '

(b) How many nilpotent elements have in
an integral domain ?

Contd.




(h) Which of the following is a primvitive-'

(c) Which of the following statements is - polynomial ?

Lot true P : 5 5
() 2x°+4x°+6x+10
[l (&) is a prime idealiciEZE
o i
e ; ; - 30x -20
(@) (5) is a maximal ideal of Z. [
) . g Gl 206 8¢ "5 i
() (5) is a maximal ideal of Zyg .
.~ (iv). 3x>-38x+8
o 5% = earal donan (i) State whether the following statement
: : is true or false :
(d) Define prime ideal of a ring. :
‘ _ : : “A polynomial f(x) in Z[x] which is
(e) Give example of a commutative ring reducible over Z is also reducible over
without zero divisor that is not an : o

miepe o, () Choose the correct statement :

() Cbnsider the polynomial o ; i) Every BEuclidean demain is a

(x) N o ' d unique factorization domain.

Tl = dog it O oG < an ]
_ (ii) Every principal ideal domain is a

glx)=38x" +3x> +83x% + x+4 in Zs. Euclidean domain.

Compute f(x)+ g(x). : : ' (1_'ii} Every unique factorization domain

is a Euclidean domain. s

[g) Witte " filc)— e e 7 | as a o (iv) Every unique factorization domain

product of irreducible polynomial over el pegpel e denaciae

Z.
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2. Answer the following questions : 2x5=10

(@)

()

(c)

(d)

(e)

If a and b are ftwo idempotents in a
commutative ring, then show that

a+b=ab "1si alse an didempotent
element. '

Show that every non-zero element of
Z, is a unit or a zero divisor.

Show that every ring homomorphism
fiZ = 7 isiof the dori i) <lax
where a=a*. |
Find the zeros of f(x)=x?+3x+2 in
T

Let D be an integral domain and

@b Dl (a) = (b), then show that
a and b are associates.

3. Answer any four questions: 5x4=20

(@)

(b)

The operations @ and ® defined on
the set Z of integers by a®b=a+b-1

amd a®b:a+b~ab. Show that

(z,®,®,) is a ring with unity.

Find all ring homomorphism from

ZDZ to L
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(c)

(@)

Let R be a commutative ring with unity.
Show that an ideal A of R is prime if
R

and only if the quotient ring o is an

integral domain.

De.fine. principal ideal domain. Show
that if F is a field, then Flx] is a
principal ideal domain. 1+4=5

Show that every Euclidean domain is a
principal ideal domain.

Show that the number of reducible .
polynomials over Z, of the form

X +ax+b isp—(‘?j—l).

Answer the following questions: 10x4=40

(@)

(i) Let.Ribe a commutative ring with
unity. Show that the set

Rlx] = {anxn i an__lxn_'l L..+taxtag/a; € Ry

n is a non-negative integer} is a ring.

Also show that if R is an integral

domain, then R[x] is also an integral
domain. St
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(1)

(W)

® )

Let f(x):'Sxd_* 23x%1 and
glx)=3x% +2x+1 in Z.|x].

Determ melithic quotiént and

remainder upon dividing f(x) by

glx). | 3
: Or
Show that

Zl\[ﬁiz {a+b\/§.' a,bEZ} and
b
H:ﬂ_a }/a, be Z}
b g
are isomorphic as ring. 4

If a, b be any two ring elements
and m and n be any two
integers, then show that

(m.a)(n.b) = (mn).(ab) 6

Define maximal ideal of a ring. Let
A be an-ideal of a commutative

R
ring with unity R. Prove that g is

a field if and only if A is maximal.
1+6=7
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(i) Let R be a commutative ring and
A be any subset of R. Show that
the nil-radical of A,

N(A):{reR/r” c A for someneN}
is an ideal of R. 8

Or

(i) Let ¢ be a ring homomorphism
from R to S. Then the mapping

TR
from il 2 ¢(R), given by
r + ker{p) — ¢(r) is an

isomorphism, i.e.,

(i) Let ¢ be a ring homomorphism
from a ring R to a ring S. Let B be
an ideal of S Then

¢7'[B]={r Ry #(r)e B} is an ideal
of R. 4

() If Fisafield and p(x)e Flx], then prove

ke e only if p(x)

(p(x))

is irreducible over F.
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Or

Let F be a field. If f(x)eF[x] and
degree f(x) is 2 or 3, then f(x) is
reducible over F if and only if f(x) has

a zero in F. Is the result true when
degree f(x) is greater then 3 ? Justify.

5 _ 7+3=10

(d) In a principal ideal domain, show that
an element is irreducible if and only if

it is prime. Use this result to show

that Z[ﬁ]: {,a+b\/§ -a,be Z} is not

a principal ideal domain. T+3=10
Or

(i) In a principal ideal domain, show
that any strictly increasing chain
of ideals I, ¢ I, ... must be finite
in length. wie 5

(i) Let Wpivibe o ento. g ring
homomorphism from a ring R to a
ring S. Then prove that ¢ is an
isomorphism if and only if
ker(g) = {0}. e

(iii) Determine all ring homomorphism

from the ring of integers Z to itself.
2
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